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Abstract

The nonlinearity of the soil may considerably affect the response of structures subjected to seismic events. This paper aims to show under 

which circumstances geometry, soil, and earthquake-type; the nonlinearity is important. A simple model based on a 1D shear column 

was developed to calculate the maximum shear strain (γ) in the soil subjected to earthquake excitation. It was found that γ is a function 

of peak ground acceleration PGA and the maximum horizontal ground displacement (∆). EC8 provides an expression for calculating 

∆ that is independent of the soil thickness. It was found that this expression is conservative for shallow layers and underestimates 

γ for thick ones, as a result, improvements have been suggested. By performing several time history analyses, simple formulas are 

developed which enable the designer to assess when nonlinearity must be taken into account. Four curves based on soil thickness and 

peak ground acceleration have been introduced for different soil types (A, B, C, and D) using a limit value of γ = 10–4. These curves show 

that depending on the soil depth, the threshold acceleration of nonlinear soil behavior is around 0.48, 0.36, 0.29, and 0.10 m/s2 for soil 

types A, B, C, and D, respectively. Obviously, nonlinear analysis must be performed for shallow soil layers under moderate seismicity.
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1 Introduction
Structures are often analyzed assuming a rigid (built-in) 
connection to the ground. When structures are subjected 
to earthquakes, this assumption may lead to unacceptably 
inaccurate results, and the soil-structure interaction (SSI) 
must be taken into account [1, 2].

Soil-structure interaction can be considered in two ways: 
direct method and substructure approach. These approaches 
are well documented in Wolf's textbook [3]. In the direct 
method, the soil and the structure are included within 
the same model and analyzed in a single step as a  com-
plete system; it is applicable to both linear and nonlinear 
analyses [4]. In the substructure approach, the structure's 
response is obtained by superposition; hence this method 
has only been applied to linear systems [4, 5]. Several stud-
ies have examined the impact of soil-structure interaction 
on various systems, including single-degree-of-freedom 
systems with liquid dampers, outrigger-braced buildings 
with belt truss systems, braced buildings with Buckling-
restrained braces, and seismic response of soil-structure 
systems using wavelet transform methodology [6–9]. 

The soil stress-strain relationships are not always lin-
ear, particularly when the shear strain is expected to be 
high enough to produce a nonlinear hysteresis loop in the 
cyclic stress-strain relationship [10, 11]. Shear stress τ and 
shear strain γ are linked by the shear modulus G:

� � �� � �G .	 (1)

The shear modulus of the soil varies with the ampli-
tude of the cyclic shear strain. The shear modulus is high 
and uniform at low strain amplitudes but decreases as 
the strain amplitude increases. The shear modulus of soil 
decays nonlinearly as the strain amplitude increases [1], 
as shown in Fig. 1 [12].

Based on laboratory tests Vucetic [10] has divided the 
change of soil stiffness and strain into three regions: very 
small strain, small strain, and large strain, respectively, 
as shown in Fig. 1. He defined two shear-strain thresh-
olds related to soil nonlinearity: linear cyclic γtl, which 
called nonlinearity threshold by Ishihara; and volumet-
ric shear strains γtv [5]. There is a general understanding 
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that nonlinearity in the soil depends primarily on the shear 
strain  [1]. Although nonlinearity occurs already around 
γ ≈ 10–5 in engineering analysis, a quasi-linear calculation 
may be performed when the shear strains do not exceed 
γ ≈ 10–4 [13, 14]. 

Note, however, that somewhat lower value γ ≈ 10–4 should 
be used for sand while higher value γ ≈ 10–3 for clay [15].

A few researchers claim that even for moderate seismic-
ity (ag ≈ 0.1 g ≈ 1 m/s2) nonlinearity cannot be neglected 
[16, 17]. Wu et al. [18] determined peak ground accelera-
tion (PGA) thresholds for 6 locations from 0.20 to 0.80 m/s2 
using seismic records from KiK-net in Japan. In Parkfield, 
California, Rubinstein [19] discovered that at low levels of 
shaking (around 0.35 m/s2) nonlinear site response could 
occur. Ghofrani et  al.  [20] estimated PGA nonlinearity 
thresholds for 49 sites from 0.04 to 1.50 m/s2 using seis-
mic records from KiK-net in Japan. Wang et al. [21], using 
acceleration time histories data at eight KiK, determined 
that the stiffness and plasticity index are primarily respon-
sible for the threshold acceleration of nonlinear soil behav-
ior, which ranges from 0.2 to  1  m/s2. There is no com-
prehensive investigation of the size of earthquakes (scale 
or peak ground acceleration PGA) when nonlinearity in 
soil (material nonlinearity) must be taken into account. 
As a consequence, we wish to develop a model that can 
predict the response of soil by utilizing a few parameters, 
including the magnitude of an earthquake and the proper-
ties of the ground (depth and type of soil). These specific 
parameters are provided in EC8. 

2 Problem statement 
Our aim is to develop a simple model and a design proce-
dure with the aid of which the designer can decide whether 
nonlinearity plays a role in the SSI. It is assumed that the 
earthquake is characterized by the response spectrum 
(given, e.g., in EC8) displacement (∆; an option is the value 
given by the expression in EC8, [22]), while the soil geom-
etry is given by the depth above the bedrock (h).

Based on the developed procedure, we wish to investi-
gate the question whether nonlinearity is important or not 
under moderate seismicity.

3 Assumptions and basic hypothesis
To understand the response of the soil subjected to earth-
quakes, a finite depth layer on the rock with infinite hori-
zontal dimensions is considered (Fig. 2(a)). Although it is a 
3D problem, for horizontal excitation, it is sufficient to con-
sider a 1D shear column (Fig. 2(b)), where S waves develop.

In the analysis, the soil is given by G and v, while 
ξ = 5% damping ratio is considered.

For simple modeling, it is assumed that a sinusoidal 
wave develops in the soil Fig. 3. The accuracy of this 
assumption will be investigated in Section 5. The displa- 
cement is given by:

u z
L

� �
�
�

�
�
��cos

2� ,	 (2)

where ∆ is the amplitude of the wave, while L is the wave-
length. The angular strain is calculated by:

� �
�
�

�
�
�

u
z

w
x

,	 (3)

which, since ∂w/∂x ≈ 0, results in

Fig. 1 Stiffness-strain behavior of soil with typical strain ranges [12]

                 (a)                                                     (b)
Fig. 2 Simplified model of a soil layer; (a) 3D model, (b) 1D shear column

Fig. 3 Typical deformed shape of a column of the soil 
in the simplified analysis
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The maximum shear is calculated by replacing the 
sin(2πz/L) function with unity; thus, we have

�
�

� �
2
L
� .	 (5)

The wavelength L is approximated by the following 
reasoning. For shallow layers, a quarter-wave is assumed 
in the soil [23], Fig. 4(a).

L h= 4 	 (6)

For a deep layer, full waves may develop in the soil, and 
for trigonometric excitation with a period of vibration T, 
the wavelength is:

L Tv v f= = / ,	 (7)

where v is the shear wave velocity, and f = 1/T is the exci-
tation frequency. (The value of T for real earthquakes will 
be discussed later).

For an intermediate thickness of the soil, it was expected 
that an interpolation must be performed (see dashed line 
in Fig. 5), but as it will be discussed in Section 5.1, it is 
unnecessary.

The shear wave velocity (v) is related to the shear mod-
ulus as [24]:

G pv= 2 ,	 (8)

where ρ is the density. The maximum total horizontal dis-
placement Δ̅  is given in EC8 by:

� � �d a ST T
g g C D
0 025. ,	 (9)

where ag is the design ground acceleration on type A 
ground. The values of the periods TC, TD and S - soil fac-
tor - describe the 

shape of the elastic response spectrum, which depends 
on the ground type, see Fig. 6.

Note that Δ̅  is the total displacement, while Δ is the 
relative displacement between the ground and the bed-

rock. Δ̅  can be used as an upper limit for Δ, i.e., it is a con-
servative approximation. 

Since an approximation is given for L by Eq. (6) and 
Eq. (7), γ can be directly calculated by Eq. (5).

Now it must be investigated whether this simple model 
is reasonable or not.

4 Approach
4.1 Model description

The 1D shear column was considered in ANSYS 
Mechanical APDL 2020 by applying constraints on the 
vertical displacement. In the analysis, G was defined, the 
Poisson's ratio v = 0.3, and the height of the column and the 
excitation were varied.

Two kinds of excitations of the bedrock were investi- 
gated:

•	 Harmonic excitation ( a
T
tg � �sin

2� ) where T was 
varied; and

•	 Earthquake excitations (both artificial and real 
records).

(a)                                              (b)
Fig. 4 Deformation of the soil for shallow (a) and deep (b) layers

Fig. 5 Expected soil depth versus wavelength curve Fig. 6 Elastic displacement response spectrum [22]
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4.2 Finite Element Model
The finite element models are built in ANSYS 2020R1 
Mechanical APDL software, and transient analysis is per-
formed. The stripe width is 1.5 m with different soil depths, 
Fig.  7. The soil is modeled with the linear and Classic 
Drucker-Prager material models for the nonlinear analysis. 
Plane183 element has been used in the modeling, which is 
a higher-order 2-D element with 8 or 6 nodes. This element 
has two degrees of freedom at each node: displacement in 
the x and y directions [25]. The properties of all soil types 
analyzed are summarized in the table of Section 5.2. 

Vertical constraints have been applied on the vertical 
sides and at the bottom (bedrock). The earthquake is mod-
eled by applying a given acceleration in the x direction at 
the boundary, Fig. 7. The mesh size used in all models is 
0.25 m. The sensitivity analysis of the mesh size will be 
shown in the next section.

4.3 Mesh sensitivity analysis
Kuhlemeyer and Lysmer [26] recommend that mesh size 
should be less than one-eight of the wavelength associated 
with the maximum frequency component fmax of the input 
wave. This suggestion is commonly used in dynamic mod-
eling to obtain reliable results. The required mesh size is:

L Tv v
f8 8 8

= =
max

.	 (10)

The frequency content of typical earthquakes is in the 
range of 0.45 Hz and 2.82 Hz [27], this range was obtained 
by analyzing the 44 far-field records of FEMA [28]. By sub-
stitution, the lowest velocity, 100 m/s, and f = 2.82 Hz, give 
the average element size of 4.43 m. The mesh size used in 
all models is 0.25 m, which is much less than 4.43 m.

The converged solution is analyzed to determine how 
much it varies with each mesh after the same simulation is 
performed with grids of varying resolutions. Soil type C 

(vs = 250 m/s) with the soil depth, 50 m and 200 m, and 
four different mesh sizes have been applied (0.25, 0.3 0.5 
and 1.5 m). Table 1 shows mesh sensitivity analysis results, 
and Fig. 8 presents the variations of the relative displace-
ment at top along different mesh size for the model 1.5 m 
width and 50 m depth. It is clear when increasing the mesh 
size to 1.5 m a different response has been got.

5 Results and discussion
Our hypothesis given in Section 3 is investigated below. 
Both harmonic and earthquake excitations are considered. 
The results obtained from the analyses are summarized in 
the following two subsections.

5.1 Harmonic excitation
To obtain the steady-state solution of the displacements, 
harmonic analysis is performed for three different types of 
soils (A, B, and C) at three different excitation frequencies 
(T = 1/f =0.6, 1.2, and 2.4s, which is in the range of the fre-
quency content of typical earthquake records. The results, 
as shown in Fig. 9 and Fig. 10, agree well with Eq.  (6) 
(inclined line) and Eq. (7) (horizontal line), and surpris-
ingly no intermediate solution is needed (shown by the 
dashed line in Fig. 5).

Fig. 7 Finite element model (generated mesh and boundary conditions)

Table 1 Mesh sensitivity analysis results

Model Mesh [m] Disp [m] Strain Diff %

50 × 1.5 m

0.25 9.296E-02 2.7880E-03 -

0.30 9.296E-02 2.7880E-03 0.000%

0.50 9.296E-02 2.7880E-03 0.002%

1.50 1.050E-01 2.8772E-03 3.201%

200 × 1.5 m

0.25 2.624E-01 1.8810E-03 -

0.30 2.624E-01 1.8816E-03 0.030%

0.50 2.624E-01 1.8786E-03 -0.161%

1.50 2.939E-01 1.9124E-03 1.768%

Fig. 8 Relative displacement variations for model 50 × 1.5 m with 
different mesh sizes
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The soil depth, which separates the shallow and deep 
layers, can be calculated from the intersection of Eqs. (6) 
and (7).

5.2 Earthquake – artificial records
Artificial earthquake records were generated for four soil 
types given by EC8 (see Table 2). For each response spec-
trum, 12 independent records were generated.

The peak ground accelerations (ag) can take an arbi-
trary value. For simplicity, only 4 out of the 12 responses 
for type A is given in Fig. 11 and in Appendix A (Fig. 27 
to Fig. 29) for soil types B, C, and D, respectively. It is 
worth noting that EC8 provides different ground profiles 
based on parameters including velocity, which are selected 
to represent a wide range of ground types. The length of 
acceleration records is 20 s. 

Altogether, more than 1000 time history analyses were 
performed. The results are shown in Fig. 12 to Fig. 15. 
The soil depth varied between 25 and 2000 m.

First, the peak ɣ-s and the corresponding peak Δ-s were 
determined. 2πΔ/γ (which is equal to a replacement wave-
length L) is shown as a function of the soil depth.

The beginning of the curves agrees well with Eq. (6), 
which means that clearly, a quarter-wave develops (Fig. 5).

Recall that for a cyclic excitation, there is a clearly visible 
plateau (Figs. 9 and 10), which is determined by the period 
of vibration, T. This is not the case for earthquake records 
due to the different frequency content of the records.

Note, however, that a clear lower bound (conservative) 
approximation can be given by limiting the soil depth by 
hL = 650 m. We may calculate L as follows:

L
h
hL

�
�
�
�

min
4

4
.	 (11)

The graphs (Fig. 12 to Fig. 15) show excellent agree-
ment at the beginning but slightly scattered curves at a spe-
cific soil depth, which varies slightly between soil types. 
Because the goal was to create a simple model for estimat-
ing soil nonlinearity, a conservative lower-bound approxi-
mation that may occasionally overestimate was chosen.

6 Importance of nonlinearity as a function of PGA
As it was shown above, the angular strain in the soil can be 
approximated by Eq. (5). 

Fig. 10 Soil depth versus wavelength for harmonic excitation 
(Soil type A v = 800 m/s, B v = 600 m/s, and C v = 250 m/s)

Fig. 9 Soil depth versus wavelength for harmonic excitation 
(Soil type A, v = 800 m/s and three different frequencies)

Table 2 Properties of the analyzed soil types

Soil 
Type

v ρ Gmax ξ
[m/s] [kg/m3] [N/m2]

A 800 1800 1.15E+09 0.05

B 600 1800 6.48E+08 0.05

C 250 1800 1.13E+08 0.05

D 100 1800 1.80E+07 0.05

vs shear wave velocity, ρ density, Gmax shear modulus, ξ damping ratio

Fig. 11 Response spectra of artificial earthquake records generated for 
the given response spectrum to EC8 (a); Type A
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L is approximated by Eqs. (6) and (7). While Δ can be 
approximated by Eq. (9). Δ̅  is proportional to PGA; we write

� �� a
g 0 ,	 (12)

where Δ0 is the maximum soil displacement for unit PGA, 
which according to EC8.

�
0
0 025� . ST T

C D
	 (13)

Eq. (5) and Eq. (12) result in

a Lg � � ,	 (14)

where,

�
�

�
�
�
0

1

2
.	 (15)

For an engineering analysis, nonlinearity can be 
neglected when γ ≤ γL ≈ 10–4. By introducing this value in 
Eq. (15), we obtain:

�
�0

4

0

10 1

2
�

�

�
.	 (16)

Using this expression, together with Eq. (14) we have:

a Lg �
�

10 1

2

4

0
� �

,	 (17)

which is shown for soil type A (v = 800 m/s) in Fig. 16.
The curve shown in Fig. 16 is based on γL/Δ0, using the 

approximate Δ0 value of EC8 (Eq. (9)). However, it  was 
found numerically that Eq. (9) may seriously underesti-
mate both the absolute and relative displacement. To obtain 
a reliable solution, in the following section, we will present 
a simple refinement of the calculation of Δ0. 

Note that these results are based on a limited number of 
earthquake records and the results are scattered; hence a gen-
eral application of these expressions is not recommended.

Fig. 15 Results due to artificial earthquake records Type D (v = 100 m/s)

Fig. 12 Results due to artificial earthquake records, Type A (v = 800 m/s)

Fig. 13 Results due to artificial earthquake records, Type B (v = 600 m/s)

Fig. 14 Results due to artificial earthquake records, Type C (v = 250 m/s) 

Fig. 16 Linear domain (below the solid line), Soil type A (v = 800 m/s), 
according to Eqs. (11), (13) and (17)
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6.1 Enhancement of soil displacement Δ0

Based on the calculations using the aforementioned arti-
ficial earthquake records (Δ/ag) versus soil depth (h) are 
presented for four different soil types to show the varia-
tion of Δ0 along soil depth. An illustration of one of these 
curves - soil type A - is shown in Fig. 17. 

Fig. 17 shows that for shallow soil layers (below around 
100 m), EC8 overestimates Δ0, while for higher values Δ0 
is underestimated. A reasonable envelope can be drawn by 
two straight lines, as illustrated in Fig. 17. The correspond-
ing expressions are given in the first row of Table 3. Using 

similar reasoning, expressions were suggested for soil 
types B, C, and D, which are also given in the same table.

Using expression Eq (16) together with the value of Δ0 
given in Table 3, the ag(h) curves are given by solid lines 
in Fig. 18 to Fig. 21 for soil types A, B, C, and D, respec-
tively. These curves can be used (based on the peak accel-
eration, soil depth, and soil type) to provide a means for 
the designer to evaluate whether a linear analysis is suit-
able for the given circumstances or not. It should be noted 
that comparing Fig. 16 and Fig. 18 it can be observed that 
using the expression of the EC for Δ0 Eq (13) may result in 
an unacceptably poor approximation.

7 Numerical example
In the numerical example, soil type B was consid-
ered with shear wave velocity v = 600 m/s. We investi-
gate one real and one artificial record. First, the record 
of the Northridge earthquake (Pacoima Dam station) was 

Fig. 17 Δ/ag versus soil depth due to artificial earthquakes - Type A 
(v = 800 m/s)

Table 3 Proposed models to calculate the soil displacement (h ≤ 1000 m)

Soil 
Type Soil depth

A

h ≤ 400 m h > 400 m

B

h ≤ 380 m h > 380 m

C

h ≤ 400 m h > 400 m

D

�
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Fig. 18 Linear domain – enhanced Δ (below the solid line), Soil type A 
(v = 800 m/s), according to Eqs. (11), (13), (17) and Table 3

Fig. 19 Linear domain – enhanced Δ (below the solid line), Soil type B 
(v = 600 m/s), according to Eqs. (11), (13), (17) and Table 3
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applied; the accelerogram is shown in Fig. 22. The max-
imum shear strain and the corresponding displacements 
were calculated as a function of the soil depth.

The results are shown in Fig. 23 and compared to our 
approximate formula. As can be seen, the approximation is 
quite accurate for h ≤ hL and conservative for higher values.

Next, one of the artificial records shown in Appendix A 
(Fig. 27) was applied to an h = 100 m thick soil layer. 
First, a linear analysis was performed. The γL = 10–4 limit 
recorded at ag = 0.196 m/s2, while according to our model, 
it is recorded only at ag = 0.195 m/s2 as shown in Fig. 24.

The model results almost match the finite element results, 
as shown in Table 4. 

As previously stated, soil stress-strain relationships are 
not always linear. Nonlinear analysis was performed to 
determine how the soil strain would be affected (Fig. 25). 
The soil parameters considered in the analysis were taken 
from EC8 recommendations, c = 70 kPa (soil cohesion) 

and φ = 0 (friction angle). The Classic Drucker-Prager 
model has been used in this simulation. This model uses 
the outer cone approximation to the Mohr-Coulomb rule, 
which is applicable to these materials such as soils, rock, 
and concrete [25, 29]. The γL (calculated by Ansys) based 
on the above c and φ is γL = 1.06 × 10–4. The results of the 
nonlinear analysis comparing to the linear analysis and 
our model are shown in Fig. 26.

The limit value under which liner analysis may be used 
is obtained from Fig. 24; it is 0.195 m/s2. It is given in 
Fig. 26 by dashed line. It shows quite accurately the limit 
of the linear analysis. 

Fig. 20 Linear domain – enhanced Δ (below the solid line), Soil type C 
(v = 250 m/s), according to Eqs. (11), (13), (17) and Table 3

Fig. 21 Linear domain – enhanced Δ (below the solid line), Soil type D 
(v = 100 m/s), according to Eqs. (11), (13), (17) and Table 3

Fig. 22 Acceleration-time history of the seismic input

Fig. 23 Soil depth versus replacement wavelength for Northridge 
earthquake (1994)

Fig. 24 Determination of the critical acceleration based on our model
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8 Conclusions
A simple model was developed to calculate the maximum 
shear strain (γ) in the soil subjected to earthquake excitation. 
It was found that  can be calculated from PGA (ag) and the 
maximum horizontal displacement of the ground (Δ):

�
�

� � �
�

�
�
�

2 4

4 650L
L

h
m

�, min ,

where h is the thickness of the soil layer. This model – 
which is based on a 1D shear column – enables the designer 
to decide whether nonlinearity plays a role or not.

EC8 gives a recommendation for calculating ∆, which 
is independent of the thickness of the soil. It was found 
that this expression is conservative for shallow layers 
while underestimate ∆ for thick layers. In this paper, 
a  simple expression was suggested for the estimation of 
∆ which is the envelope of several time history analyses. 
Using these expressions, simple curves (Fig. 18 to Fig. 21) 
were determined as a function of ag, soil depth, and soil 
type, which enables the designer to decide whether lin-
ear analysis may be performed. These graphs demonstrate 

that for soil types A, B, C, and D, the threshold accelera-
tion of nonlinear soil behavior is around 0.48, 0.36, 0.29, 
and 0.10 m/s2, respectively, depending on the depth of the 
soil. It is clearly shown that under moderate seismicity for 
shallow soil layers nonlinear analysis must be performed.

Finally, it's essential to acknowledge the strong sides of 
the proposed issue. A simple model with a few parameters 
can help researchers or designers estimate the soil's nonlin-
earity. However, it's also essential to consider the proposed 
issue's weak sides or limitations. Our hypothesis is verified 
under different excitations using a limited number of earth-
quake records. Conservative envelopes have been obtained. 
In addition, it has been verified for one layer of soil; there-
fore, it needs to be verified with two or more soil layers.
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Table 4 Numerical examples results - linear and nonlinear analysis

ID ag [g]
FE (Linear) FE (Nonlinear) Present model

Δmax [m] γFE(linear) Δmax [m] γFE(nonlinear) Δ [m] γ = 2π ∆/L

1 0.005 0.00167 2.7E-05 0.0017 2.7E-05 0.00164 2.6E-05 1.02 1.03 1.00

2 0.01 0.00335 5.3E-05 0.0034 5.3E-05 0.00328 5.2E-05 1.02 1.03 1.00

3 0.02 0.0070 1.01E-04 0.0067 1.01E-04 0.00660 1.04E-04 1.05 0.98 1.00

4 0.04 0.0139 2.2E-04 0.0584 2.03E-03 0.0132 2.1E-04 1.06 1.06 9.27

5 0.10 0.0320 5.1E-04 0.830 3.45E-03 0.0329 5.1E-04 0.98 0.98 6.75

∆

∆
FE(linear)

EC

γ

γ
FE(linear)

Model

γ

γ
FE(nonlinear)

FE(linear)

Fig. 25 Shear stress and strain relation used in the nonlinear analysis

Fig. 26 Acceleration displacement curve for linear FE, nonlinear FE, 
and the present model
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Appendix A
Response spectra corresponding to the artificial records.
The response spectra corresponding to the artificial records for soil types B, C and D are shown in Fig. 27 to Fig. 29, 
respectively.

Fig. 29 Response spectra of artificial earthquake records generated for the given response spectrum to EC8 (a); Type D

Fig. 28 Response spectra of artificial earthquake records generated for the given response spectrum to EC8 (a); Type C

Fig. 27 Response spectra of artificial earthquake records generated for the given response spectrum to EC8 (a); Type B
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